IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Unique physical characterisation of Haag-Ruelle scattering states

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1983 J. Phys. A: Math. Gen. 16 615
(http://iopscience.iop.org/0305-4470/16/3/021)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 129.252.86.83
The article was downloaded on 30/05/2010 at 17:02

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/16/3
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

1. Phys. A: Math. Gen, 16 (1983) 615-632. Printed in Great Britain

Unique physical characterisation of Haag-Ruelle scattering
states

W Liicke

Institut fiir Theoretische Physik der Technischen Universitdt Clausthal, D-3392 Clausthal-
Zellerfeld, West Germany

Received 12 October 1981, in final form 17 September 1982

Abstract. A physically evident requirement on asymptotic product states is formulated
in a mathematically precise way and shown to fix the S-matrix uniquely for relativistic
field theories of short-range interactions.

1. Introduction

Let ¥ be the Hilbert space of a given quantum theory. The basic problem of fixing
a corresponding scattering theory is well known to be the identification of states
describing certain asymptotic physical situations for large positive (or negative) times.
It is generally believed that the asymptotic scattering configurations of pure states
may be indexed by vectors ®° of the Hilbert space ° of a suitable (pseudo)free
theory. More precisely, one usually assumes existence of two isometric mappings
Vour, Vin from #° into & such that Vo, ®° (respectively V. ®% is a Heisenberg state
vector describing a physical situation essentially the same for large positive (respec-
tively negative) times as that indexed by ®°. Thus, given a system in a state correspond-
ing to the incoming configuration indexed by the unit vector ®°, the probability for
detecting it in a state corresponding to the outgoing configuration indexed by the unit
vector ¥° is

W(D° > ¥°) = | Voot W Vi @)

where ( | ) denotes the inner product of #. The S-matrix operator in the Heisenberg
picture is § =V}, V;}t, hence
(Vou¥°IVia®") = (Vou WS Vo, 0%

for all ®°, ¥°e #°.

The problem is how to specify physically the isometric operators V. and Vi,

In the Haag—Ruelle scattering theory (see Reed and Simon 1979, and references
therein) isometric operators V,,, and V,, are specified mathematically, satisfying the
additional requirement of relativistic covariance (Streater 1967):

U(A, a) Vout(in) = Vout (in)UO(Aa a) (1)

where U(A,a) and U O(A, a) are (strongly) continuous unitary representations of the
restricted Poincaré group @} in % and #° respectively, if we consider only Bose
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616 W Liicke

fields. However, no stringent physical justification for this identification of scattering
states is given.

The main purpose of the present paper is to fill this gap. Introducing the notion
of asymptotic localisationt of operator sequences, we shall be able to formulate
precisely a natural physical criterion fixing the choice of V. a) uniquely. Of course,
the correct choice will turn out to be that made by Haag (1958).

The techniques used here may be considered as a systematic development of those
introduced by Hepp (1964, 1965) for the analysis of non-overlapping scattering states.

2. General framework and basic strategy

For convenience, let us consider the simple case where the free field theory describing
the scattering configurations is that of stable neutral scalar particles of a single type
with (physical) mass m >0. Then ¥° is the corresponding Fock space with the usualf
associative symmetric tensor product ®;:
H=HDHDHID. ..
where
C forn=0
5 ={L*[®’) forn =1
H ®;...® ¥ forn >1
denotes the free n-particle subspace.

We do not require asymptotic completeness but assume the physical spectrum and
mass-gap condition that would be implied by asymptotic completeness:

X=E{0}uM,uV,)¥ 2)

where E denotes the unique projector-valued measure on R* with§
U1, 0)= [ dE(p) explipa). 3

By M,, we denote the one-particle mass shell
{peR* p*=m? p°>0}
and by V,, the free multi-particle spectrum
{peR* p*=4m? p°>0}.
Obviously, without loss of generality, we may assume
Ho = E({ON¥ %1 = E(M)9% 4)
and
U(A, a)d=U’A, a)® for ®e %o @ H). (5)

+ Perhaps one should point out that the localisation properties exploited in the present paper, in contrast
to those studied by Haag and Swieca (1965), are certainly not suited for an investigation of asymptotic
completeness in quantum field theory.

1 For instance, if Qg denotes the free vacuum state vector and AB”)(‘pv) the negative-frequency part of
the free scalar field smeared by the test function ¢, then (A§ (¢1)Q0)®s... 8% (A5 (0,)00) =
A (e ... AT (0,000 and Qg ®, d° = d° ®, Q= d° for all d%e F°.

§ We use natural units in whichc =#=1.
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Then V,,, and V,, are fixed on #5 and #° up to an unessential phase factor. Let us
take the natural choice

Vouim® =@ for e Ho@ K. (6)
Thus, due to isometry, the whole problem reduces to inductive determination of
(Vout(in)cbo) ®. (Vout(in)‘yo) = Vou (in)(q)o ®; ‘I’O) (7

for suitable ®°, Ve #°, %5, #5,.... This means that we have to determine the
products ®.. for a sufficiently large class of states from physically evident properties,
which have to be formulated in a mathematically precise way.

Now, ®. and V,, (respectively ®_ and V,,) are defined such that
(Vou®?) ®. (Vou®3) (respectively (Vi,d$) ®- (Vi ®3)) describes a physical situation
essentially the same for large positive (respectively negative) times as that indexed by
the free Fock vector ®?®, ®3. Therefore, the relevant physical properties of ®.
(respectively ®_) may be read off from those of the free product ®; (cf Froissart and
Taylor 1967). In order to be more explicit let d)? be a free n;-particle state, well
localised at time zero (j = 1, 2). Denote by K| the velocity cone of CD?, i.e. the closure
of the set of all four-vectors of the form (¢, tv), where ¢ is an arbitrary time and v a
three-velocity allowed for at least one of the free particles described by CD?. Obviously,
with increasing (Euclidean) distance from the origin the probability of finding any of
the particles outside K; will rapidly tend to zero (at least, if the probability distribution
for the momenta is smooth). In other words, the physical situation described by @/
far from the origin outside K; is essentially that of the vacuum. Recall that &9 ®, 3
describes the uncorrelated joint presence of both systems corresponding to ®{ and
®3. Therefore, if &S and ®J are asymptotically non-overlapping, i.e. if K; A K, = {0},
the asymptotic physical situation described by ®$ ®, &3 is the following: with increasing
(Euclidean) distance from the origin the physical situation outside K (respectively
K) approaches rapidly that described by ®9 (respectively ®9).

This has obvious consequences for the expectation values of local measurements:
Let O be a space-time region for which it is impossible to send a signal from @ to K,
and back again to €. Then due to Einstein causality, measurements within ¢ depend
only on the physical situation outside K,. Consequently, if O is very far from the
origin, measurements within € should yield essentially the same results for o) ®, D3
and ®). Of course, the measurements within ¢ must not amplify the weak influence
of QD% outside K; too much.

For (Vouin®?}) ® (Vourim®3), describing the same asymptotic physical situation
for time ¢ - +00 as ®) ®, ®3, these considerations show the following: Let O be a
space-time region as considered above with the additional property £x°> 0 for x € 0.
Then €, = A0 is moving into the future (respectively past) very far from X, for A » +00.
Therefore the expectation values for a sequence of self-adjoint operators A, in ¥
are the same for (Vouein®?) ®: (Vouram®3) and Vourim®] in the limit A > 00, i.e. we
have the asymptotic condition

M L(Vou @@ O (Vourim @A (Vou i P B (Vourim®D))

- < Vout (in)q)(l)lAA Vout (in)cb(l)x Vout (in)q)gl Vout (in)q)g>] = 0

provided that the following three conditions are fulfilled.
() (Vouram®D) ®u (Vourim®?) is in the domain of A, for all A.
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(ii) A, corresponds to a measurement which can essentially be performed within
0, in the limit A > o,

(iii) Small changes of the physical situation inside the causal completion of 0, are
not amplified too much in the limit A - c©.

While it is physically evident that the above asymptotic condition should hold, it
is not at all obvious how it determines the product ®. _,. How this works is the main
problem of the present paper and will be considered in § 5. The solution depends
crucially on very special properties, called K-approachability, of a sufficiently large
class of scattering states. These properties are analysed in § 4. In order to make the
above asymptotic condition precise, we have to specify sequences of observables A,,
said to be asymptotically localised in 0,, for which conditions (i)-(iii) are expected to
hold. In order to yield (in § 3) a notion of asymptotic localisation which undoubtedly
serves the purpose outlined above, let us assume the theory with interaction to be of
Wightman type (Streater and Wightman 1964). Thus we assume the existence of a
quantum field A(x) and a dense linear subset D of # fulfilling the following require-
ments.

WI1. %3 <D.

W2. U(A,a)D <D forall (A,a)e P}

W3. For every tempered test functiont ¢ € #(R*) the ‘smeared field operator’
A(p)=[dx A(x)e(x) is given as a linear (unbounded) operator in ¥, defined on D.

W4. A(e)D =D for all ¢ € F(R*).

W5. A(e*) < A(p)* for all ¢ € [RY).

W6. Theformal expectation values (®]A (x )®) are tempered Schwartz distributions
for de D;i.e. ¢ »(DlA(p)D) is a continuous linear mapping from F(R* into C.

W7. U(A, a)A(x)U (A, a)y '=A(Ax +a) in the sense of distributions, for all
(A, a)e Pl

W8, [A(x), A(y)]-=A(x)A(y)-A(y)A(x)=0 in the sense of distributions, ifi
x Xy,

Finally, let us choose a unit vacuum vector Qe ¥ and assume () to be cyclic with
respect to the set of all smeared field operators.

3. Asymptotic localisation

By #(0), € an open subset of R®, let us denote the smallest * algebra with unit§ 1./D
containing all operators of the form

n

Y J dey...dx;A(xq) ... Alx)ei(x1, ..., X))

i=1

where the ¢, € F(RY) vanish outside 0 x. . .x 0, and n is an arbitrary positive integer.
Observables corresponding to (essentially self-adjoint) elements of 2 (0) are usually
considered to be measurable within the space-time region 0. In the spirit of this
interpretation we introduce the following definitions.

T We use Schwartz’s (1966) notation for test function spaces.

1 We write x Xy for the statement that x is space-like with respect to y. Accordingly, if ¢, and 0, are
subsets of R*, we write @, X @, for the statement that x X y for every pair (x, y) € 0y x 05,

§ As usual, we denote by A /' D the restriction of the operator A to the domain D.
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Definition 1. Let {0,}.>0 be a sequence of open subsets of R" and let {¢,},>0 be a
sequence of test functions in #(R"). Then we say that ¢, is asymprotically localised
in 0,, iff the following two conditions are fulfilled.

(i) All Schwartz norms of ¢, are bounded polynomially in A; i.e. for every
n,eN={1,2,3,...} there is a n, € N such that

l@alnymn <ma+A"™ forallA >0

o) () el

where |lx|=[(¢")?+. ..+ (™1 for arbitrary ¢ € Z(R"), k eN and M <R".
(i) supa=o(l+2)"@rlnrte, <0 for all ny, nyeN,

where we use the notation

— k
1@ lie.ar —32}1&(1 +llx 1) R S
1 a"<k

a +..t

An important example for definition 1 is given by

Lemma 1. Let ¢ € $(R*) and let f be a smooth positive-frequency solution of the
Klein-Gordon equation; i.e.

- dp .
for=em > SEFe) exslips) ®)

with fe F(R*). Then, for every £ >0, the sequence of test functions

i w= | dve-yfy) ©)
y ==

is asymptotically localised int 05 = U, ({x € K;: x° = £A}), where K denotes the veloc-
ity cone of f; i.e.

Kr={pt:fip)#0,p°=(p+m)H% teR".

Proof. Note that the inequality

i
(1= ingJor =) e = mleas = (14 bl
holds for arbitrary ¢ € #(R"), n € R" and j, k e N. If this is applied to (9) it yields

o7 [ eane, < lel; W.J L+
HRGY IR, y0=iA (1 +infxem4\o,)\“x — y”)]

+ We use standard notation. For example, let A >0, GSR*, G'< R* (A, a)e PL. Then
U,(G)={x eR*: |x —x'| <A for some x'e G}
G =closure of G
R*%G ={xeR* x¢ G}
AG={xeR* x = Ax’ for some x'e G}

AGza={xeR* x = Ax'+a for some x'€e G}

GzG'=J (Gzxa).

aeG’
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for every 0, = R* and all j, k e N. Therefore, since
su "fx)l<
sup el

holds for all n e N (Ruelle 1962, Liicke 1974), there is a rapidly decreasing sequence
of complex numbers c, fulfilling the inequality-

T, <en ol marife) [ | ay DT
! A e xeR" yO=xa (1 + infx sR‘\OA”x - YH)]
yeK¢
for all A > 0. Thus, choosing 0, = &, we see that condition (i) of definition 1 is fulfilled.
On the other hand, choosing @, =05 and | large enough, we see also condition (ii)
to be fulfilled.

Definition 2. Let {0,},-0 be a sequence of open subsets of R* and let {B,\}i>0 be a
sequence of #(R*) operators. Then we say that B, is asymptotically localised in O,,
iff there are complex numbers c,, test functions ¢;, and a positive integer n such that
the following three conditions are fulfilled.

(i)
B, =c,+ '21 J dxi...dx;A(x) ... Ax)eia(xs, ..y X))
P

for all A >n,

(i) lex|<n +A" for all A >n.

(iii) For every fixed j, the test functions ¢;, are asymptotically localisedin 0, X .. .x
0, = RY.

Definition 2 is intended to be such that, if B, is asymptotically localised in O,,
then, for large A >0, we may consider B, to be essentially like an element of % (0, ).
What this precisely means is the content of the following simple lemma that we state
without proof.

Lemma 2. Let ¢ >0 and let B,, be asymptotically localised in 0;,,/=1,...,n.
Then there are sequences of operators B),ec@(U.(0;,)) such thatt
Bix...Bun® = Bi,..B.,\® forall ®eD. Here, for each j with B;, € $(0,,) we
may choose B;, =B;,.

W8 is well known to imply that the elements of ?(0) commute with those of
P (0", if 0 X €', Thus, we have the following corollary,

Corollary. Let ¢ >0 and let B;, be asymptotically localised in 0, forj=1,..., 4. If
O, X U, (03,),) for all A >0, then

BI,ABZ,/\B3,)\B4.A b A* Bl,/\B3,/\B2,)\B4,A®

-0

forall ®e D.

One can easily prove several useful properties of the notion of asymptotic localisa-
tion. We list only a few.

T If {®,}a>0 and {3}y -0 are sequences of vectors in a Hilbert space with norm |.], we write &, o [}
S0
for the statement that lim, .o A"}®, —®./ =0 holds for all n e N.
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ALQ. Given any sequence of open subsets 0, of R, B,=1/D is asymptotically
localised in O,.

ALl let (A a)e #% and let B, be asymptotically localised in @,. Then B} =
U(A, a)B\U(A, a)7 " is asymptotically localised in 6, =A0, +a.

AL2. If B;, is asymptotically localised in @;, for j =1, 2, then B, =B, ,B;,, as
well as By =B, + B, is asymptotically localised in 0, =0, , u 0>,,.

AL3. If B, is asymptotically localised in 0,, then so is BY /' D.

AL4. If B, is asymptotically localised in €,, then so is B, =P(A)B, for every
polynomial P(A).

ALS. If B, is asymptotically localised in 0,, then B) =B, is asymptotically
localised in @) =0,,, for every positive function g(A) fulfilling

Alim /\_"g(/\)=Alim AV g =0 for some n eN.

AL6. Let B;, be asymptotically localised in 0;, for j=1,...,n and let deD;
then ||Bi4, ... Bnr, ®| is polynomially bounded in Ay,...,A, simultaneously for
sufficiently large Aty ooy An

For arbitrary B € @(R“) and ¢ € Z(R*) we denote by B(¢) the unique element of
P (R*) tulfilling

Bo)® = J dx o(x)U(1, x)BU(1, x)"'®

for all ®e D. Then, by arguments similar to those used in the proof of lemma 1, we
also get

AL7. Let BeP[RY), let ¢ >0 and let the #(R*) functions ¢, be asymptotically
localised in 0,. Then the @(R") operators B (g, ) are asymptotically localised in U, (0, ).

4, Haag-Ruelle-Hepp scattering states

As we shall see below (lemma 3 and proof of lemma 5), the scattering states of the
Haag-Ruelle-Hepp theory (Hepp 1964, 1966) are constructed by means of operator
sequences of the following type.

Definition 3. Let K be a closed cone, and let 3 be a space-like hyperplane in R*. A

sequence {B}r-0< P (R*) is called a (K, ) sequence, iff the following three conditions
are fulfilled.

(i) For every € >0, B, is asymptotically localised in U, (K nAX).
(ii) There is a vector e ¥ with B, = O,

A0

(ii) BXB\Q ol (QBXB. Q.

Lemma 3. Let Ky,...,K, be closed cones with K;~K, ={0} for different j, k €
{1, ..., n}, let X be a space-like hyperplane not containing the origin and let {Biatr=o
be a (K, 2) sequence for j=gq,...,n. Then {By=Bj,...B. r>oisa (K;uU...uU
K., X) sequence.
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Proof. Obviously, it is sufficient to prove the lemma for the special case n = 2: condition
(i) of definition 3 is a direct consequence of AL2. In order to prove condition (ii) let
us choose some ¢ >0, small enough to guarantee K1 (1 +¢1)Z to be space-like with
respect to K>~ (1+¢2)2 for all &;, £2€[0, €). Moreover, let us choose a sequence
sy €[A, (1+£)A) such that

|B1 B2, —B1 B2, O Ry sup  [IB1aB2,Q—B1, B, Q.

>0 A'e[A(1+e)A)

Since condition (ii) of definition 3 is fulfilled for B, ,, we conclude with AL3, AL6
and Schwarz’s inequality that

Bi,B2: ) il By B2,

By ALS and the corollary we see that
Bl,sABZ./\Q )‘"‘ B2,ABI.SAQ-

-0
Repeating these arguments, we get

B, ,\B1,, ) o B3,B1,8Q

and

Bz_ABL,\Q /\Tao Bl_ABz'AQ.

Putting all the pieces together we get

sup  |B1xB2a—BiaBan Q| = 0

A'e[A(1+e)A)

which implies condition (ii) of definition 3.
In order to prove (iii), note that, by AL3 and the corollary, we have

(B1.AB2,)*B1\B2,(} ot B¥\B1\B¥.\B2, Q.

Since condition (iii) of definition 3 is fulfilled for By, and B, ,, we see by AL3, AL6
and Schwarz’s inequality that

B¥,B1,B3.\B2,0 = QBT \B1,QXQB% B2, Q.

-0
Hence

(BI,AB2,)\ )*B 182 Q )‘fw (QIB T.»\BI,A Q)<Q|B§,A32,A maQ,
which implies condition (iii) of definition 3 for B, = B,,B2...

Definition 4. Let ®e 3 and let K be a closed cone. Then we say that & js K-
approachable, iff for every space-like hyperplane £ with 3~ K « {0} there is a (K, )
sequence {B,}x>o with ® =lim, . Br (.

Let us note that W7 has the following simple consequence (cf proof of relation
(22) below):
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Lemma 4. Let A be a closed subset of R* and let ®e D ~ E(A)D. Thent
B(¢)be E(A+supp ¢)D
for all B e #(R* and all ¢ € (R*).

Now, the basis of our scattering formalism is the following.

Lemma 5. Let M < M, and let ® be a one-particle state vector of the form ® =B{le
E(M)D, with B e@(R“). If K is a closed cone with apex at the origin, containing
M U —M in its interior, then & is K-approachable.

Proof. Let X be an arbitrary space-like hyperplane intersecting the open future
(respectively past) light cone. Then we may choose a positive number r and a restricted
Lorentz transformation A with

rAS=3.={xeR* £x°=1}. (10)

If n, k are arbitrary non-negative integers with n <k, then every d: e P(RY) may
be written in the form

1

¥ (x ----,xk)=J dn'.dn RO - X X DEE ™)
with # € P(R"), §e PR") and fdn'...dn"g(n',...,n") =1 (Liicke 1974, lemma 1).
Hence, by W7 and invariance of {1, the vector ®' =U(A, 0)® may be written as
@' = B(p:)Q with B € Z(R*) and ¢} of the form (9). Applying lemma 4 to the special
case ®=0Q, A ={0} and recalling (2) as well as &' € E(AM)D, we see that we may
choose ¢ such that

supp ¢ ={peR*: p°>0,im*<p’<im? (11)
and f such that
K;c AK. (12)

Here, as usual, K denotes the interior of K. Having made such a choice, one can

easily check that (11) implies ¢ (p) =5 (p) for all A >0 and all p € {0} UM,, U V..
Hence, by (2) and lemma 4, again, we have

U(A, 0@ =B(er)Q forall A >0. (13)
Moreover, applying lemma 4 to the special case ® = @', A = AM shows that
B(¢X)*B(ex)QeE({peR": p><m’)D
and therefore, by (2) and (4),
BeX)*Bex)e %0 for all A >0.

+ As usual, we denote by ¢ the Fourier transform

é(p)=Q2n)7? j dx ¢(x) explipx)

of ¢ and by supp ¢ the support of the function &:

~ T 8 ~: - .M
supp ¢ ={peR™: ¢(p) =0}
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With (12), lemma 1, AL7 and (13) we conclude that B, = B (¢ ) is a (AK, X.) sequence.
By (10), AL1, ALS and the invariance of () we see that B, = U(A, 0)"'Bex ) U(A, 0)
is a (K, X) sequence with lim, .. B,() = ®. Since T was allowed to be any space-like
hyperplane with K n T ¢ {0}, this proves the lemma.

The K-approachable states form a subset of the linear manifold £ defined as
follows.

Definition 5. By £ we denote the set of all e # for which there exists a sequence
of operators B, e P(RY), asymptotically localised in U, (0), with B,Q ot &.
Without loss of generality we may assume

f<D (14)

since the field A (x) could be extended to the linear span of #u D otherwise. Then,
as a simple consequence of AL3, AL6, Schwarz’s inequality and the corollary, we
have the following lemma, indicating interesting localisation properties of K-approach-
able states (cf Knight 1961).

Lemma 6. Let K be a closed cone, let @ € 3 be K-approachable, let ¥ be a space-like
plane with T K £ {0}, and let @ be space-like with respect to some neighbourhood
of K. Then

(DlALD) = (DIONQIALD)

holds for every sequence of 2 (R operators A, asymptotically localised in AO.

5. Asymptotic condition and its evaluation

We are now in the position to give a rigorous mathematical formulation of the physical
characterisation of ®; ®. ®,, described qualitatively in § 2.

Asymptrotic condition. Let K;, K, be closed cones contained in the closed future
(respectively past) light cone with K; " K, ={0}, let £ be a space-like hyperplane with
K;~2 {0} for j=1,2, and let @ be an open subset of R* space-like with respect to
some neighbourhood of K, 3. Finally, let @, € Voyim&" be K;-approachable for
7=1,2. Then &, ®. ®, should fulfil the following two conditions.

ACL $; ®. PreD.
AC2. (D1 ®. DA, D1 R D) = <(D1,A»\ D1 XD D)

if the 2 (R*) operators A, are asymptotically localised in AC.

Remarks.

(i) The technical assumption AC1 could be circumvented by the use of bounded
observables (cf Araki and Haag 1967).

(if) Condition AC2 is physically motivated only for those A, which are restrictions
of self-adjoint operators to D. Actually, we need not worry about that, since we shall
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use AC2 only for sequences of positive symmetric operators A,, which are known to
have self-adjoint extensions (Friedrichs 1934).

(iii) Putting A, =1D in AC2 and recalling ALO we get |®; ®. || =[] . |||
directly.

According to (6) and (7) we have

NR.P=0R.0=0 for all ® € Voueim¥". (15)

Thus, by lemma 6, the asymptotic condition is fulfilled for the special case ®; =Q (or
®, = (). If neither ®, nor &, is a multiple of (}, the asymptotic condition will be
used to determine ®; ®., ®,.

Theorem. There is a unique isometric mapping V... (respectively Vi) from #° into
#¢ fulfilling (1) and (6) and such that the asymptotic condition holds for the product
®. (respectively ®_) defined by (7). For this product ®.. the following statement is
true: If X, K>, 2, O, @, are as considered in the asymptotic condition, and if {B; »},>0
are (K, 2) sequences with

®, = lim B;,0) forj=1,2 (16)

then

(bl ®:g ¢)2 AT@BLABZ')\Q. (17)

Proof. Let A denote the set of all n-particle state vectors of the form &°=
&) ®;...®, ®° for which there are pair-wise disjoint closed subsets Ay, ..., A, of M,
with

®Ye (E(4,)D) n 2RO
and

sup lp~p'll<m/5n.
p.p'€4,

We shall prove the theorem in six steps. In the first step we assume existence of an
isometric mapping Voun) from #° into ¥ fulfilling (1), (6) and the asymptotic
condition. We then derive

Vouim®’ = lim BY,... B0 (18)
for n N and ®°e N5, where the {B},},0 are (K !, £.) sequences according to lemma
5 with

o= fim 8,0
and

K} ~nKj ={0} forj #k.

Since ¥y w Unen %) is total in #°, this determines Voutiny cOmpletely. In the second
step, we prove the existence of an isometric operator fulfilling (6) and (18). In the
third step, every isometric operator Vo, n fulfilling (6) and (18) is shown to fulfil
(17) for £=2.. In the fourth step, we prove the right-hand side in (17) to be
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independent of the special choice for X and the sequences {B;,},~0. In the fifth step
we show that every isometric operator Vou.n fulfilling (6) and (17) fulfils (1).
Finally, in the sixth step, we prove that ®., as defined by (7), fulfils the asymptotic
condition if Vg in) fulfils (17).

Step 1. Let Vouam be an isometric mapping from %° into ¥ fulfilling (1), (6) and
the asymptotic condition. Let K}, 3, ®; be as required for (17). In order to prove
(18), it is clearly sufficient, by lemmas 3 and 4, to show (17) for the special case that
there are four-momenta p; with

&, € E(Unys(p;))D (19)
forj=1,2,
Choose some 8 € (0, m/5) and test functions ¢; € FP(R*) with
supp ¢; < Us+m/s(p;) (20)
and
éi(p)=@m™ for p € Un/s(p)-

Then, because
[ ax g0 =@m? [ aE@)é ),
we have
j dx ¢ () U (x)®, = D, (21)

By (1) and (7) we get
UA, a) (1 ®: @3) = (U(A, a)P1) ®. (U(A, a)dy)
for all (A, a)e @' and all &, B Vouou¥". Therefore (21) implies

2n)? [ dE(p)6(p) (@1 ©. @)
= [ dr dx1 dxz o WesxREI U (U G P) @ (U x2)P2)
J dx dx; dxa @ (0)e1(x1)@2(x2) (U (xy +x)®1) ®. (U (x3+x)D2)
- j dx, dx, (I dx ¢ ()1 (x1 —x)qoz(xz—x)>(U(x1)®1) ®. (U (x2)®2)
for all ¢ € #(R*). Since

J dx @ (x)e1(x1—x)@2(x2—x)=0

if supp ¢ M (supp ¢ +supp ¢,) = &, and since § could be chosen arbitrarily small, we
conclude with (20) that

D1 ®. Pre E(Upnys(p1) + Unys(p2)) . (22)
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By W7 and invariance of (2 we have

Biale)= [ dx (1) UG)BA0
for j = 1,2. Therefore, since | dx ¢;(x)U (x) is a bounded operator, we may conclude
with (16) and (21) that

Biale)d = @; (23)

forj=1,2. Applying lemma 4 twice, we get
Bia(¢)*Bin (@) =B} (¢ )Bjx ()0
€ E(supp ¢; —supp ¢;)#.
By (20) and the spectrum condition (2), this implies
B (0))*Bia(9,)2 = (Q|B; . (¢;)* B (). (24)
Recalling (22), by similar arguments we get
B1x(01)* B2 (02)*®1 @2 @2 =(QB1,(¢1)*B2a(92)* 01 ®. ). (25)

Let us exclude the trivial case that ®; or ®; is a multiple of ), in which (17) and
(15) are clearly equivalent. Then (19) and the spectrum condition imply pi, ps€
Unja(VAUnm/2(0)), V.. denoting the open future light cone. By (20), lemma 4 and
(2), this implies

Bia(¢)*Q=Bi(¢])Q2=0 (26)
forj=1,2. Now, let us consider arbitrary complex numbers 3;, 3; and define

di=d;+30 (27
and

Bjy=Bj.\(¢;)+ Si(

1_Bj,A(‘PJ')Bj,,\((PJ')*). (28)

(D] D;)

One can easily prove that, for arbitrary £ >0, B;, is also asymptotically localised in
U (K;nAZ). From (23) and (26) we get

B0 AszD} forj=1,2. (29)

From (23), (24) and (26), on the other hand, we get
(Bjn)*Bj Qe ¥y forallA >0andj=1,2. (30)

Summarising, we see also ®; to be K;-approachable. Therefore, by AL2 and AL3,
we may apply the asymptotic condition to get

: BB 2
q) ®= (D’* ,, ,’ (D( ®:¢-_ (b,
l 1 2 <q)1'(b1> 1 2
Bi.BY,
~ [|®u P 2—2<c1>' —’,~,’~<I>’>d>’ Y
= [l -2(01 [T et kason

+2<cb;](fg’;g)%)z¢;><d>éld>;>].
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By (29), (30), AL3, AL6 and Schwarz’s inequality we see the right-hand side to
converge rapidly to zero. By symmetry of ®. we get a similar result for B} , replaced
by B5,. Thus:

B;"B’/'j@;@i o = OI®. D) forj=1,2. (31)
(@) Ao
Hence, by AL3, AL6 and Schwarz’s inequality, again, we also have
' 1% ! £
B?“&Zféi?féﬁ?i?“ ®.0; = &1®. P (32)
Since, by (15) and (27),
O ®. Py =D ®x Do +3D1 +3:1P2+ 31320, (33)

one can easily check, using (23)-(26), (28), AL3, AL6, Schwarz’s inequality and the
corollary, that

B’f,k,\B ,ZikA(D,l ®. (D/z Afw (Q*B ;’.kAB;,k;\(D,l ®. (DDQ-
Therefore, by (32), AL3, AL6, Schwarz’s inequality, the corollary and lemma 3, we
see that there must be a complex number p = p (3, 32) With

pBi,ABé,/\Q Az <I>£ ®. (Dé- (34)

With (23), (27) and (28) this implies
p(0,0)(P,+ D ®. B;) =p(0, 0)P; B (P2+ Q)
=p(0,0)p(0,1) lim Biale)(1+ B2, (¢2)Q

=p(0,0)p(0, 1)®1+p(0, 1)P; B~ D2. (35)

By (34), (23), (26) and the corollary, we see that {(®,|®; ®. ®,) =0, hence (35) implies
p(0,1)=p(0,0)=1. Since, applying now familiar arguments, we have

Bi,(¢1)B2a(¢2)Q Afw B (¢1)B2,\Q

= BZ,ABl.A(‘Pl)Q

A =00

Afw B3.B1,Q
Afw BB, {),
this proves (17) for the special case (19).

Step 2. Using the corollary, one can easily check the right-hand side of (18) to be
independent of the special choice of the sequences {BEA}A -0, existence of the limit
being guaranteed by lemma 3. Therefore, by lemma 5, we may define Voy,im on A0
by (18) for n =2,3,.... On the other hand, by well-exercised reasoning, we can
easily prove that (18) and (6) imply

< Vout (in)(pol Vou( (in)\p‘O) = (CDO,‘PO)
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for ®°, ¥oe ¥ L T L (W A, () denoting the inner product of #°. Therefore
Vioutdn), as defined by (6) and (18), has an isometric extension to all of %°.

Step 3. Let Voun) De an isometric mapping from #° into ¥ fulfilling (6) and (18).
Moreover, let K}, 2, ®; and {B;,}, >0 be as required for (17) and consider the special
case T =3,. We have to prove

[®; ®. (Dz_li.f?o BB, Q| <€ (36)
for arbitrary ¢ > 0. Let us first consider the special case that there is a four-momentum
p2 with

&, € E(U,ys(p2))D. (37)
Denote by /: (K), K =R*, the set of all

D = Vourim(® ®s. .. @5 P2 € Vourim¥n

with CD?EE(M," ~N(Ku-K)D for j=1,...,n. Using (16), (18) and our standard
techniques, we easily see that ®; is in the closed linear span of 0o U (U, &5 (K))).
Therefore, thanks to isometry of Viuein), We may choose ¥; from the linear span of
Hou (U, n Ve (K1) and ¥, from the linear span of #9 (U, Vi (K2)N
E(U,./5(p2))D) such that

¥ @i Vo — Py ®. By <e/2.
Similarly, using (18) (respectively (6)) and isometry of V.., in) We easily derive

¥, ®. ¥, — lim B1.,B2 Qff

=101 ®@. Wff* +(D1|d1)(D;]D2) — 2 Re(W1] D1 X W] D))
=[¥; ®. ¥, - 0, ®. baf* <(e/2)%.
By the triangle inequality, this implies (36) for the special case (37).

Exploiting the linear dependence of ®; ®. ®, on ¥, we easily get (17) for the
more general case:

o, e E(A)D A compact. (38)

The general case, finally, may be reduced to (38) as follows: By lemma 4, we have
lim B1.Baa(e)0 =, 8, ([ dr e () U)0,)

for ¢, € D(R"), since (17) is already proved for the case (38). Therefore, thanks to
(7) and isometry of Viuny, iMoo B1aB2.a (@, )} tends to &, ®. O, for v >0, if
@, (x)}>8(x) for v > 0. On the other hand, we easily derive in our standard way

2

”}11?0 B1,(Bax —Ba (@) =@y | @2~ j dx ¢, (x)U (x)D2] .

Thus, in the limit » » 00, we get (17) for the general case with2=3,.

Step 4. Let K, ®;, X and {B;, },>0 be as required for (17). Let 3’ be another space-like
hyperplane intersecting the future (respectively past) light cone, and let {B},},-0 be
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(K, ¥') sequences with
b, = }iq}o B;,\Q forj=1,2. (39)

We have to show that
}im Bly,\Bz,,\Q=}irg B;’,\Bé,)\n. (40)

Obviously, since the ®; are K;-approachable, it is sufficient to prove (40) under the
additional assumptions

Kin2XK;nX and KinIXK,nY.

In this case, we may apply our standard techniques once again.
Due to condition (i) of definition 3 and the corollary we have

) ()
B(l,,/\B’Z,AQ Az Brz,,\B 1’,1\9.

-0

On the other hand, due to AL3, AL6, Schwarz’s inequality and condition (ii) of
definition 3, we have

BB} Afw Bl.;\Blz,AQ

and
Bé,)\Bl,AQ Afw B’Z,»\B,I,)\ Q.

Summarising, we get (40).

Step 5. Let Viouin be an isometric mapping from #° into ¥ for which (6) and 17
hold, ®. being defined by (7). We have to prove (1). Since by (15) and lemmas 3-5,
the set of all ®; ®. P, with &,, ®, as considered in the asymptotic condition is total
in Vom(in)%o, it is sufficient to show that

U(A, a) (P, @ ©2) = (U(A, a)P1) ®. (U(A, a)Ps) (41)

for such ®;, @, and for all (A, a)e P.

By assumption, there are cones K, K, with K1 n K, ={0} and (K, £.) sequences
{Bj\}r>0 with ®; =1lim, . B;,Q for j =1, 2. Then, by AL1 and invariance of ), the
operators B;,=U(A, a)B; \U(A, a)' form (AKj, A3.) sequences with &=
U(A, a)®; =lim, .o B, for arbitrary (A, a) e 2! and j=1,2. Thus, we may apply
(17) to K| =AK, 2’ =A%, ®] and B;, to obtain

(U, a)P1)® (UA, a)dy) = AliI{.lc U(A, a)B1,B2 Q.
By (17) and continuity of U(A, a) this implies (41).

Step 6. Let®. fulfil (17), and let K, 2, 0, ®; and A, be as considered in the asymptotic
condition. We have to prove that

(D ®. (D2|AA D, ®. ;) Afm ((Dl'AA ‘bl)(q)zlq)z)- (42)

To this end, let us choose (K}, 2) sequences {B;,}r>o with ®; =lim, .. B;,{} and apply
standard arguments.
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By (17), AL3, AL6 and Schwarz’s inequality, we get
(1 ®: 924, D1 @2 @2} = (QIBI\BTAAB1AB2, D).
By AL3 and the corollary, this gives

(‘bl ®. q)zlAA P, . D,) ,\fw (Q\B T,)\AABLAB >2k,ABz.A ).

Exploiting condition (iii) of definition 3 for B, in connection with AL3, AL6 and
Schwarz’s inequality, we conclude:

(D1 B (DZIAA ;. @, b) )\:“m <Q|B T,)\A)\B 1,A Q><Q\B ?,»\32,)\ ).

Recalling B;, Nov d,, we finally get (42) by AL3, AL6 and Schwarz’s inequality,
>0

again.

Needless to say, iterating (17) we get the Haag-Ruelle-Hepp scattering theory.

6. Conclusions

Our results can be summarised as follows: Consider a relativistic quantum theory on
the Hilbert space % with continuous unitary representation U (A, a) of 2", fulfilling
the spectrum condition (2). Let PR be a * algebra of operators in # with respect
to which E({O})# is cyclic. Then a scattering theory is fixed, via the asymptotic
condition of § 5, by any notion of asymptotic localisation of sequences of PR
operators, fulfilling the corollary and ALO-AL7.

In a sloppy way, we may conclude that the S-matrix of a relativistic quantum
theory with short-range interaction depends only on the rough localisation properties
of observables.

Given # and U(A, a), we may always choose a notion of asymptotic localisation,
in agreement with the corollary and ALO-AL7, for which the S-matrix becomes trivial.
Thus, the crucial question is to find a physically justified notion of asymptotic
localisation. The use of a concrete field theory is just to provide this information.

A similar view on field theory was expressed by Haag (1970), relying on the
physical relevance of the Haag-Ruelle scattering formalism. The point of the present
paper is that we derived this formalism from considerations concerning localisation
properties of observables and states.

The analysis could have been simplified to some extent by working with bounded
observables. Working with smeared field operators, however, has the advantage that
the methods are also applicable to non-localisable fields (Liicke 1978). Let us finally
note that the methods are also easily adjustable to non-relativistic quantum field
theories (cf Hepp 1965, Sandhas 1966).
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